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Recently a type of robust exceptional points was found that is insensitive to the coupling disorder
in the bulk. Here we show that a disparity emerges when the number of coupled cavities in this
one-dimensional array changes from even to odd. The robust exceptional point only exists in the
former case, whereas the location of the exceptional point in the latter depends inversely on the
size of the cavity array and is subjected to coupling disorder in the bulk. We further show that the
exceptional points in these two cases are second and third order, respectively. We elucidate the
origin of the robust EP as a restricted bulk zero mode, which shares the same robustness against
coupling disorder and has a finite amplitude adjacent to the boundary. This finding enables us to
identify robust EPs in higher dimensional systems reliably, which can exist in the presence of either
sublattice symmetry or the non-Hermitian particle-hole symmetry evolved from it.
I. INTRODUCTION
Sublattice symmetry plays an important role in the
study of topological phases of matter [1–7]. As an example
of chiral symmetry, it warrants that the energy spectrum
of the system is symmetric about a well-defined energy
level, such as the Fermi level or the energy of an uncoupled
orbital, which is chosen as the zero energy. Recently,
the exploration of sublattice symmetry in non-Hermitian
systems [8–11] has also attracted fast growing interest,
especially with the advent of topological photonics [12]
and lasers [13–19].
One interesting finding indicates that sublattice sym-
metry evolves into a non-Hermitian particle-hole (NHPH)
symmetry [20] when imaginary on-site potentials are im-
posed on a tight-binding model with two sublattices and
real couplings [21]. Different from sublattice symmetry,
NHPH symmetry warrants a complex spectrum symmet-
ric about the imaginary axis of the complex energy plane,
i.e., ωµ = −ω∗ν . This NHPH symmetry was hidden in
many previously studied non-Hermitian systems, includ-
ing parity-time (PT) symmetric systems [22, 23]. Notably,
sublattice symmetry can also persist in non-Hermitian sys-
tems by allowing the couplings to be asymmetric [21, 24].
In a recent work [25], this non-Hermitian sublattice sym-
metry was applied to a one-dimensional (1D) cavity array,
and it was found that the exceptional point (EP), a non-
Hermitian degeneracy with identical wave functions [26–
34], does not depend on the system size or the coupling
disorder in the bulk.
In this work, we first point out that this property holds
only when there are an even number of cavities in the
array. If there are an odd number of cavities instead, the
location of the EP depends inversely on the system size
and is subjected to the change of couplings in the bulk.
We also reveal that these EPs are third order, in contrast
to the robust one that is second order. These findings are
included in Sec. II.
∗ li.ge@csi.cuny.edu
Furthermore, we report the persistence of a robust EP
when sublattice symmetry is broken, as well as the absence
of a robust EP when the system does have sublattice
symmetry. These findings enable us to pinpoint the origin
of a robust EP: it is not due to sublattice itself but rather
to the existence of a restricted bulk zero mode, which
shares the same robustness against coupling disorder and
has a finite amplitude adjacent to the boundary. Such a
zero mode can exist in the presence of either sublattice
symmetry or NHPH symmetry, and in the latter case,
additional robustness of the EP exists against variations of
imaginary on-site potentials. These results are included in
Sec. III, where illustrative two-dimensional (2D) systems
are exemplified. Finally, some concluding remarks are
given in Sec. IV.
II. ROBUST EP
The robust EP reported in Ref. 25 exists in the follow-
ing tight-binding 1D cavity array:
HN =
N−1∑
1
(tn|n〉〈n+1|+t′n|n+1〉〈n|)+
N∑
1
β|n〉〈n|. (1)
Here we consider the first (N − 1) cavities as the bulk
and the last (i.e., Nth) cavity as the boundary [see
Figs. 1(a,b)]. The on-site energy β is taken to be a
constant and set to zero across the array, and we start by
considering a constant coupling tn = t
′
n = 1 in the bulk.
The bulk couples to the boundary asymmetrically, with
tN−1 = 1 and t′N−1 ≡ τ 6= 1. By tuning τ , a given HN
only has a single EP [see Figs. 1(c,d)], and its location
(denoted by τEP below) is plotted in Fig. 1(e) in terms
of τ . Here we observe two contrasting behaviors: When
N is even, the EPs all occur at τEP = 0, which are the
robust EPs reported in Ref. 25; when N is odd, however,
they take place at a sequence of τEP’s given by 2/(1−N).
To understand this disparity, we first note that the un-
derlying system has non-Hermitian sublattice symmetry
[21], defined by the anticommutation relation {H,C} = 0.
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FIG. 1. Robust and non-robust EPs in 1D cavity arrays with
different sizes. (a,b) Schematics showing the 1D lattices with
N = 5 and 6. (c,d) Eigenvalues of HN as a function of τ for (a)
and (b). (e) Location of the EP as a function of the system size,
plotted separately for even (upper) and odd (lower) system
sizes. (f) Same as (d) but with t′n = e
ipi/10.
Here C is the sublattice operator given by C = PA − PB ,
where PA,B are the projection operators onto the two sub-
lattices of this tight-binding model. These sublattices are
defined such that cavities on one sublattice only couple
to the ones on the other sublattice, and C in its matrix
form is diagonal with alternating elements of 1 and −1
here.
One important consequence of sublattice symmetry is
a symmetric spectrum, i.e., ωn = −ωm. When the two
subscripts n,m are different, the two corresponding wave
functions are related by ψn = Cψm, and hence they have
the same intensity profile. When these two subscripts are
the same, then we immediately find ωm = 0 (i.e., a zero
mode [21]) and ψn is a dark state with zero amplitude in
the sublattice marked by the −1 entries in C.
Note that this is the only wave function of zero modes
permitted by the sublattice operator C in a 1D system
with two open ends (i.e., not a ring). Therefore, the
geometric multiplicity of a degenerate at ω = 0 in this
case is always 1 independent of its algebraic multiplicity.
In other words, the order of an EP with ω = 0 equals
the number of degenerate modes. For example, the EPs
shown in Figs. 1(c,d) are third order (EP3) [35–40] and
second order (EP2), respectively.
A. N-even case
To show that τEP = 0 always holds when the system
size is even, we first note that the N eigenvalues of HN
form N/2 pairs, and the one closest to the origin of the
complex energy plane coalesce at τEP = 0 and form an
EP2, as we have seen in Fig. 1(d). For N = 2, one can
explain this observation directly using
H2 =
(
0 1
0 0
)
, (2)
which has the Jordan normal form [41] and a coalesced
eigenstate ψEP = [1, 0]
T. The superscript “T” here de-
notes the matrix transpose as usual. To show that this
property also holds for larger systems with an even num-
ber of cavities, we note the following relation: If ω = 0 is
an EP2 of HN and the corresponding wave function has
the structure ψEP = [1, 0, . . .]
T where “. . . ” denotes an
arbitrary sequence, then ω = 0 is also an EP2 of HN+2
with wave function ψ′EP = [−1, 0, ψTEP]T. This relation is
straightfoward to prove by rewriting HN+2 as
HN+2 =
(
σx V
V T HN
)
, σx =
(
0 1
1 0
)
, (3)
and observing HN+2ψ
′
EP = 0. Here σx is the first Pauli
matrix and V is an empty 2×N matrix except for V2,1 = 1.
To repeat the same analysis for HN+4, we just need to let
the new ψEP be −ψ′EP = [1, 0, −ψTEP]T. This coalesced
wave function, of course, is the dark state mentioned
earlier.
Besides the requirement that the boundary connects
only to one cavity in the bulk when τ is varied, these
robust EPs at τ = 0 seem to rely only on sublattice
symmetry of the system (and more specifically, that of
the bulk). To see this property, we replace σx in Eq. (3)
by the more general form
σ′x =
(
0 t1
t′1 0
)
. (4)
Our previous proof for τEP = 0 still holds by changing
ψ′EP to [−1/t′1, 0, ψTEP]T and renormalizing its first ele-
ment to 1 in the next iteration. The system still has
sublattice symmetry in this case, which holds even when
the rest of the bulk couplings in the tight-binding model
are random and asymmetric (but nonzero). Therefore,
one may attempt to attribute the robustness of these EPs
in the presence of coupling disorders to sublattice sym-
metry. However, as we will show in Sec. III, robust EPs
can persist even when the sublattice symmetry is broken,
while they can also be absent in the presence of sublattice
symmetry. Based on these findings, we pinpoint the true
origin of a robust EP to a restricted bulk zero mode to
be discussed in Sec. III, which can also exist when the
bulk has NHPH symmetry.
In this particular 1D lattice, we point out that while
both sublattice symmetry and NHPH symmetry are
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FIG. 2. Role of the boundary. The boundary (cavity 6)
connects to the other side of the bulk (cavity 1) with fixed
(a) and tunable (b) couplings. All couplings are set to 1 here
other than the dashed ones marked by τ . (c,d) Disappearance
and restoration of robust EP at τ = 0.
present when HN is real (i.e., with real couplings tn, t
′
n),
the robust EP here is not supported by NHPH symmetry.
NHPH symmetry is specified by {H,CT} = 0 [21, 35, 42],
and here T is the time-reversal operator in the form of
the complex conjugation. Consequently, the eigenvalues
of HN is also symmetric about the imaginary axis in the
complex energy plane, i.e., ωn = −ω∗n′ . Note that un-
like in Hermitian systems with particle-hole symmetry,
here the complex conjugation is explicit because ωn’s are
complex in general. In the meanwhile, the system also
has time-reversal symmetry, i.e.,[HN , T ] = 0. This is
the reason that the eigenvalues of HN are either real or
form complex conjugate pairs, i.e., ωn = ω
∗
m′ , similar to
PT-symmetric systems. With all its symmetries consid-
ered, the eigenvalues of HN can only be real or imaginary,
unless they form quartets (ωn = −ωm = ω∗m′ = −ω∗n′)
which is not the case here. As we mentioned, the robust
EP is not supported by NHPH symmetry or time-reversal
symmetry here, because it persists when these symmetries
are lifted with complex tn, t
′
n [see Fig. 1(f), for example].
Before we discuss the N -odd case, we also emphasize
the role of the boundary: if the boundary also connects
to another cavity in the bulk, such as in the ring configu-
ration shown in Fig. 2(a), and these additional couplings
are fixed and nonzero, then we do not have robust EPs
anymore [see Fig. 2(b)]. However, if we do let the addi-
tional coupling into the boundary to vanish together with
t′N−1 [see, for example, Fig. 2(c)], then the robust EP is
restored as we show in Fig. 2(d).
B. N-odd case
When the system size is odd, one of the N eigenvalues
of HN is left alone and must be a zero mode perpetually
in the symmetric spectrum ωn = −ωm warranted by
sublattice symmetry. Now when another two originally
non-zero modes meet at ω = 0, they, together with the
perpetual zero mode, form an EP3. This observation
is due to sublattice symmetry and holds when coupling
disorder is introduced to the bulk. The location τEP of
this EP3, however, is system dependent and hence non-
robust as can be seen from Fig. 1(e). Below we show
analytically that it is given by τEP = 2/(1 − N) when
tn = t
′
n = 1 in the bulk.
We first rewrite HN in the following basis:
φ˜i =
(
φi
0
)
, (i = 1, . . . , N − 1), and φ˜N =
(
O
1
)
. (5)
Here O is an empty (N − 1)× 1 matrix and φi’s are the
eigenstates of the bulk Hamiltonian HB, i.e., the usual
Hermitian tight-binding Hamiltonian given by HN−1|τ=1
without the boundary site N . φi’s satisfy 〈φi|φj〉 = δij
under the Hermitian inner product, and we denote their
eigenvalues by Ei’s arranged according to Ei = −EN−i.
The ith and (N − i)th eigenstates of HB are then a
pair mapped by sublattice symmetry, and their values
in the nth cavity satisfy φi(n) = (−1)n+1φN−i(n). The
resulting Hamiltonian in the new basis reads:
H˜N =
(
E V˜
τ V˜ T 0
)
. (6)
Here E is a diagonal (N − 1)× (N − 1) matrix with all
Ei’s, and V˜ = [φ1(N−1), φ2(N−1), . . . , φN−1(N−1)]T
is a column vector with the wave functions φi’s evaluated
in the (N − 1)th cavity. The characteristic polynomial
given by Det(H˜N − ω1) = 0 takes the following form:
ω
N−1∏
i=1
(Ei − ω) + τ
N−1∑
i=1
φ2i (N − 1)
N−1∏
j 6=i
(Ej − ω) = 0. (7)
Note that the ith and (N − i)th terms in the summation
can be combined to give −2ωτφ2i (N − 1)
∏
j 6=i,N−i(Ej −
ω), where we have used the property Ei = −EN−i and
φi(N − 1) = (−1)NφN−i(N − 1). We immediately find
that the characteristic polynomial is proportional to ω.
In other words, ω = 0 is always an eigenvalue of H˜N (and
HN ), i.e., the perpetual zero mode as we have mentioned.
Because the EP at ω = 0 has algebraic multiplicity of
3 (see the discussion just before Sec. II A), it indicates
that by eliminating this factor of ω from the character-
istic equation, ω = 0 is still a solution of the remaining
equation at the EP3. Therefore, we can set ω = 0 in the
remaining characteristic equation and obtain the following
equation for τEP using Ei = −EN−i again:
N−1
2∏
i=1
E2i + 2τEP
N−1
2∑
i=1
φ2i (N − 1)
N−1
2∏
j 6=i
E2j = 0. (8)
4It leads to
τ−1EP = −2
N−1
2∑
i=1
φ2i (N − 1)
E2i
. (9)
Finally, using the well known results in the Hermitian
tight-binding model (see, for example, Ref. 43)
φi(p) =
√
2
N
sin
ipip
N
, Ei = 2 cos
ipi
N + 1
, (10)
we find
τ−1EP =
1
N
N−1
2∑
i=1
tan2
ipi
N + 1
=
1−N
2
. (11)
In the last step we have used the summation of tangent
squares found in Ref. 44, which can be proved using the
residue theorem here.
III. ORIGIN OF ROBUST EP
As we have mentioned in the introduction, robust EPs
can also exist when sublattice symmetry is broken or
absent when the system does have sublattice symmetry.
To discuss these different scenarios in a unified framework,
we extend Eq. (6) to the general case where a robust EP
exists. We now refer to the bulk Hamiltonian as HB,
which has a set of right and left eigenstates:
HBφ
(R)
i = Eiφ
(R)
i , φ
(L)
i HB = φ
(L)
i Ei. (12)
We restrict our discussion to the case where the bulk itself
does not have an EP, which is the case in our discussion
of the 1D cavity array in Sec. II and Ref. 25. Under
this condition, φ
(L)
i ’s and φ
(R)
i ’s satisfy the biorthogonal
relation (i, j) ≡ φ(L)i φ(R)j = δij , where i, j ∈ [1, N − 1].
Note that φ
(L)
i is a row vector while φ
(R)
j is a column
vector. By defining
φ˜
(L)
i =
(
φ
(L)
i 0
)
, φ˜
(L)
N =
(
OT 1
)
, (13)
φ˜
(R)
i =
(
φ
(R)
i
0
)
, φ˜
(R)
N =
(
O
1
)
, (14)
where O is defined under Eq. (5), we note that LR = 1
where 1 is the identity matrix and
L ≡
φ˜
(L)
1
...
φ˜
(L)
N
 , R ≡ (φ˜(R)1 . . . φ˜(R)N ) . (15)
This relation enables us to perform the following basis
transformation of HN :
H˜N ≡ LHNR =
(
E V˜
τ U˜T 0
)
. (16)
Here E is again a diagonal (N − 1)× (N − 1) matrix with
all eigenvalues of the bulk. V˜ = [φ
(L)
1 (N − 1), φ(L)2 (N −
1), . . . , φ
(L)
N−1(N − 1)]T is a column vector with the left
eigenstates evaluated in the (N − 1)th cavity, and U˜ is
similarly defined with φ
(L)
i ’s replaced by φ
(R)
i ’s. Note
that Eq. (16) applies regardless of whether the system
size is even or odd, and we recover Eq. (6) when HB is
Hermitian (and φ
(L)
i = [φ
(R)
i ]
†).
One feature of H˜N given by Eq. (16) is that its elements
in the last row are all zero when τ = 0. Therefore, even
though it does not have the Jordan normal form, we
know immediately that the first (N − 1) eigenvalues of
H˜N (and HN ) are given by just Ei’s, i.e., the eigenvalues
of the bulk Hamiltonian HB. This observation can be
verified directly by multiplying H˜N and the corresponding
eigenstates, which only have a single non-zero element at
the ith position. In terms of the eigenstates of HN , they
are just φ˜
(R)
i (i = 1, 2, . . . , N − 1) in Eq. (14), i.e., the
right eigenstates of the bulk plus a vanished amplitude
in the boundary cavity. Therefore, in order to to have
an EP with ω = 0 at τ = 0, at least one Ei needs to be
zero. We denote the number of these bulk zero modes
by n, and we rearrange the orders of φ˜(L)’s (and φ˜(R)’s)
such that these n zeros now appear from position N − n
to N − 1 on the diagonal of H˜N .
In addition, an EP with ω = 0 at τ = 0 also requires
at least one of these bulk zero modes to have a finite
amplitude in the (N − 1)th cavity adjacent to the bound-
ary, i.e., V˜i 6= 0. To understand this requirement, let us
first consider the case where the corresponding V˜i’s of all
the bulk zero modes are zero. Now we can construct the
following wave function
φ
(R)
N = φ˜
(R)
N −
N−n−1∑
i=1
V˜i
Ei
φ˜
(R)
i , (17)
without the bulk zero modes. In the basis of {φ˜(R)i }, φ
(R)
N
is a column vector with the first (N − n − 1) elements
given by the corresponding −V˜i/Ei, followed by n 0’s
and the final element 1. By acting H˜N from Eq. (16) on
φ
(R)
N , we find the result to be a column vector of zeros,
indicating that φ¯
(R)
N is the last eigenvector of H˜N and its
eigenvalue is zero. Note that φ
(R)
N is different from all the
other zero modes, given by {φ˜(R)i } (i = N −n, . . . , N −1):
as mentioned, the amplitudes of these bulk zero modes
are zero in the boundary cavity, but φ
(R)
N has a finite
amplitude there due to φ˜
(R)
N in Eq. (17). Therefore, we
conclude that the system does not have an EP at τ = 0
in this case. Instead, it has a genuine degeneracy with
both algebraic and geometry multiplicity of (n+ 1).
In contrast, if at least one of these bulk zero modes has
a finite V˜i, we first superpose them modes to form a new
set of bulk zero modes (i.e., a basis rotation), such that
only V˜N−1 is nonzero among them. Now the action of H˜N
5from Eq. (16) on φ
(R)
N no longer leads to an empty column
vector; it has a single nonzero element in the (N − 1)th
position given by V˜N−1. In other words,
J =
1
V˜N−1
φ
(R)
N (18)
and φ˜
(R)
N−1 form a Jordan chain [41] defined by
HNJ = φ˜
(R)
N−1, (19)
which indicates that ω = 0 is an EP at τ = 0.
So far we have shown that ω = 0 is an EP at τ = 0 if
the following two conditions are satisfied: (1) one or more
Ei’s are zero; and (2) at least one of the corresponding
V˜i’s given by φ
(L)
i (N − 1)’s is finite. A robust EP further
requires that such zero modes in the bulk is robust against
couplings disorder, which can exist in the presence of
either sublattice symmetry or NHPH symmetry evolved
from it as we will show. From these discussions, we
conclude that such a restricted bulk zero mode, with a
finite amplitude in the (N − 1)th cavity adjacent to the
boundary, is the true origin of a robust EP, instead of
sublattice symmetry itself in either the bulk or the whole
system.
To corroborate our conclusion, below we give two illus-
trative examples. In the first example, the system has
sublattice symmetry, and the bulk has a zero mode that
however is dark in the (N − 1)th cavity. Therefore, it
does not lead to a robust EP. The system we consider to
demonstrate this finding is the tight-binding honeycomb
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FIG. 3. Absence of robust EPs with sublattice symmetry. (a)
Schematic showing the bulk and the boundary. (b) Bulk zero
mode that persists when coupled to the boundary. (c) Real
part of all 14 energy eigenvalues. Thick black line shows the
two degenerate zero modes, which are independent of τ . (d)
New zero mode residing in both the bulk and at the boundary.
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FIG. 4. Demonstration of a robust EP when sublattice symme-
try is broken. (a) Schematic showing the bulk, the boundary,
and two cavities with gain and loss. (b) Complex spectrum of
the bulk Hamiltonian. (c) Real part of all 14 energy eigenval-
ues. (d) Wave function of the robust EP at τ = 0.
lattice with three rings shown in Fig. 3(a). The bulk
Hamiltonian has a single zero mode that is insensitive
to coupling disorders thanks to sublattice symmetry, but
it has a zero amplitude in the last (i.e., 13th) cavity of
the bulk as Fig. 3(b) shows. Therefore, it does not lead
to a robust EP: as Fig. 3(c) shows, ω = 0 is a genuine
degeneracy of multiplicity 2 instead (and independent
of τ). The wave function of the new zero mode differs
from the bulk zero mode by having a finite amplitude in
the boundary cavity [see Fig. 3(d)], which indicates the
absence of an EP at τ = 0 in this case.
In the second example, we show that when sublattice
symmetry (and any other non-Hermitian chiral symmetry
[45]) is broken or absent, there can still be a restricted
bulk zero mode in the presence of NHPH symmetry and
hence also a robust EP. We consider the same honeycomb
lattice considered in Fig. 3 but with two key differences.
First, we couple the bulk to the boundary through cavity
12 [Fig. 4(a)], so that the bulk zero mode has a finite
amplitude in this cavity and meets the condition that
leads to a robust EP. Second, we impose a pair of gain
and loss in cavity 3 and 5, and these on-site potentials
break the sublattice symmetry of the bulk [see Fig. 4(b)]
and the whole system.
Nevertheless, the bulk and the whole system now have
NHPH symmetry [21] with the spectral property ωµ =
−ω∗ν , as we have mentioned in the introduction and Sec. II.
In addition, the bulk zero mode is not affected by these
on-site potentials at τ = 0, because it is dark in cavity
3 and 5. As a result, it becomes the wave function of
the robust EP2 at ω = 0 when τ = 0. Note that this
wave function is different from that shown in Fig. 3(b)
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FIG. 5. Disappearance of the robust EP in Fig. 1(d) with a
shifted boundary. (a) Schematic showing the 1D lattices with
N = 6. (b) Real part of the eigenvalues of HN as a function of
τ , showing no robust EPs at τ = 0. Thick black line shows the
two degenerate eigenvalues with distinct eigenstates, which
are independent of τ and similar to those in Fig. 3(c).
due to the coupling disorder in the bulk; it also changes
when τ 6= 0 here but not in Fig. 3(b). In this example,
additional robustness of the EP exists against variations
of imaginary on-site potentials, as long as they do not
occur in the cavities where the bulk zero mode has a finite
amplitude. In fact, we have used two randomly chosen
values for the gain and loss strengths in plotting Figs. 4(b)
and (c), where this additional robustness manifests itself.
IV. CONCLUSION AND DISCUSSION
In summary, we have analyzed in depth the origin and
properties of EPs that are robust against coupling disorder
in non-Hermitian tight-binding systems. In the 1D lattice
where such a robust EP was found originally, we have
shown that it is crucial for this lattice to have an even
number of cavities. If instead, one cavity is removed or
added to the bulk, the robust EP no longer exists.
By separating the system into the bulk and the bound-
ary, we have established a relation between the energy
eigenstates of the bulk Hamiltonian and those of the en-
tire system. This treatment has allowed us to pinpoint
the true origin of robust EPs. As we have shown, their
existence is not due to the sublattice symmetry of either
the bulk or the system, but rather to restricted bulk zero
modes that can exist in the presence of either sublattice
symmetry or the NHPH symmetry evolved from it when
imaginary on-site potentials are introduced.
This observation places an emphasis on the role of the
boundary in the analysis of robust EPs. From the two
examples we have discussed in Sec. III, it is striking that
whether a bulk zero mode can lead to a robust EP depends
on how the bulk is coupled to the boundary. By simply
moving the link between the bulk and the boundary to
a new location, a robust EP is either destroyed (Fig. 3)
or restored (Fig. 4). This property holds in other lattices
as well, including the 1D lattice we have analyzed in
Fig. 1(b): if we now couple the boundary to the (N−2)th
cavity [see Fig. 5(a)], i.e., the last but one cavity in the
bulk, now the robust EP disappears [see Fig. 5(b)] since
the bulk zero mode (with finite amplitudes only in cavity
1, 3, and 5) no longer has a finite amplitude in the cavity
adjacent to the boundary.
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